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Liquid hydrogen (LH3) has emerged as a promising solution for decarbonization and global warming mitigation,
offering high volumetric energy density, low-operating pressure, and environmental friendliness. A key challenge
in non-venting LH, tanks is accurately predicting the self-pressurization rate, requiring complex thermal models
which are computationally expensive and time-consuming. Conversely, empirical correlations can simplify the
modeling process and aid in the design of LH; tanks for safe storage, transportation, and utilization without
venting risks. This study presents an empirical correlation for self-pressurization in multi-configuration LHy

tanks, developed using published experimental data and the trust-region reflective algorithm. The developed
correlation improves upon existing correlations, providing robust, reliable and consistent predictions. Compared
to experimental results, the correlation achieves an acceptable prediction error margin of + 10%, with an
average error of 1.49 %. The findings offer valuable insights for the design and optimization of LH; tanks.

1. Introduction

Nowadays, the demand for liquid hydrogen (LHy) as a promising
energy carrier is rapidly increasing due to its advantages over conven-
tional fuels, including higher energy density, sustainability, and envi-
ronmental benefits [1]. However, safe storage, transportation, and
utilization of LH; present significant challenges due to the
self-pressurization phenomenon. This occurs when heat leakage from
the surroundings leads to pressure buildup, accompanied by other
thermal effects such as thermal stratification, liquid thermal expansion,
and the interfacial evaporation/condensation process [2,3]. As the
vapor pressure inside the LH; tank exceeds the maximum allowable
working pressure, boil-off gas (BOG) is vented to the atmosphere. As
well-known, LHj is highly flammable and any venting or leaks of
hydrogen gas pose a significant explosion risk, with potentially severe
environmental consequences [1]. Therefore, accurately predicting
pressure changes in non-venting, self-pressurized LH; tanks is crucial to

ensure pressure stability and mitigate venting risks.

A review of the literature reveals that numerous experimental,
theoretical, numerical and empirical studies were conducted to analyze
pressure evolution in LH; tanks [1]. Specifically, extensive experimental
investigations [2] focused on identifying key parameters that influence
pressure evolution, such as heat flux, initial operating pressure, initial
liquid filling ratio, tank volume, and hold time. These studies [2] also
examined various tank shapes and sizes, highlighting the nonlinear
nature of pressure evolution under different operating conditions.
Furthermore, numerous theoretical [4,5] and numerical models [1]
were developed to predict pressure evolution in LHy tanks. However,
these models showed significant deviations from experimental results.

Modeling of the self-pressurization phenomenon in LH, tanks still
presents significant challenges, leading to the development of empirical
correlations which can simplify the modeling process and aid in the
design of LH; tanks. Such correlations directly relate LH, pressurization
rates to design parameters, typically derived from experimental data. In
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this regard, few studies focused on developing empirical correlations for
pressure evolution in non-venting LH, tanks under varying design con-
ditions. Notably, Blatt [6] proposed an empirical correlation relating
pressurization rates to design parameters such as heat input, initial
filling ratio, and tank size, based on experimental data from both ground
and flight tests of LH, and liquid oxygen. However, this correlation
exhibited significant discrepancies, mainly due to its inadequacy to ac-
count for the nonlinear nature of pressure evolution and its partial
dependence on LH; experimental data. Further details on Blatt’s
empirical correlation are provided in Section S.1 in the Supplementary
Materials.

In the present work, the trust-region reflective (TRR) algorithm is
introduced as a promising nonlinear parametric fitting approach to
address the key research gap represented in the lack of effective thermal
design approaches for predicting LH, self-pressurization rate under
varying design conditions. More specific, a closed-form analytical for-
mula was developed as an empirical correlation for self-pressurization in
multi-configuration LH; tanks, with accurately determining its empir-
ical coefficients using the trust-region reflective (TRR) optimization
algorithm.

The TRR algorithm is a promising optimization method for nonlinear
least-squares parametric fitting [7,8]. The attractiveness of the TRR
approach stems from its reliability, robustness, applicability to
ill-conditioned problems, and strong convergence properties [7,9].
Recently, various studies have demonstrated the strong capability of the
TRR algorithm in addressing complex nonlinear parametric fitting
problems [8,10,11]. For instance, Wu et al. [8] combined the TRR al-
gorithm with the artificial bee colony to significantly enhance parameter
extraction for solar photovoltaic models. Similarly, Le et al. [10] utilized
the TRR algorithm to accurately determine the creep model parameters
of soft soil by providing a numerical solution for the nonlinear
elastic-visco-plastic model. Gao et al. [11] applied the opposite
normalized trust-region reflective algorithm to successfully extract pa-
rameters for single-, double-, and triple-diode solar cell models. These
studies collectively demonstrate the TRR algorithm’s effectiveness in
developing robust empirical correlations with strong predictive capa-
bilities. In contrast, limited research work has focused on nonlinear
empirical modeling of LHy pressure evolution [12]. Notably, Rahman
et al. [12] developed an artificial neural network (ANN)-based corre-
lation for accurately predicting the self-pressurization rate in
quasi-spherical LH; tanks.

In this study, an empirical correlation for self-pressurization in LHy
tanks is developed using consolidated experimental data from three LHy
tanks with distinct configurations: cylindrical [13], spherical [14], and
elliptical [15], as given in Table S.2 in the Supplementary Materials. A
detailed description of these tanks is provided in Section 2. The main
findings of this work are: (i) Demonstrating the TRR algorithm as an
effective approach with enhanced applicability for developing robust
empirical correlations; (ii) Improving the accuracy of self-pressurization
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predictions compared to existing theoretical correlations; and (iii)
Highlighting the potential of the TRR algorithm to address design
challenges of LH;, energy storage systems.

2. Methodology for developing the empirical correlation of LHy
pressurization

2.1. Physical models

From a practical perspective, this study investigates three multi-
configuration LHy tanks as the physical models, including different
tank sizes, shapes and operational ranges. These three LH; tanks include
the Multi-purpose Hydrogen Test Bed (MHTB) [13], the large spherical
Dewar [14], and the K-site [15] LH» tank, as illustrated in Fig. 1. The
geometrical dimensions of such tanks are provided in Table 1, while the
variables and their operating ranges for the proposed empirical corre-
lation are listed in Table 2.

2.2. Trust-region reflective algorithm for predicting self-pressurization in
LH, tanks

2.2.1. Problem definition

In practical engineering, it is often necessary to fit a set of data points
to parameters (i.e., coefficients) that reflect the underlying behavior of
the data. To achieve this, reasonable assumptions about the data’s
functional form are made, incorporating external knowledge of the
physical process. These assumptions help ensure that the fit is consistent
with the physical principles governed by the internal variables of the
system. In this study, an exponential function was chosen as the
analytical form for the proposed empirical correlation, based on prior
experience in modeling the relationship between vapor pressure and
hold time [2] under varying initial operating pressures, heat fluxes,
filling ratios, and tank volumes.

Solving nonlinear parametric fitting problems typically involves two
key aspects: (i) The well-defined nonlinear nature of the problem; and
(ii) The efficient handling of variable bounds. A primary focus of this
study is the application of the trust-region reflective (TRR) algorithm, a

Table 1
Geometrical dimensions of the investigated LH, tanks.
LH, test facilities Dimensions Value
Cylindrical MHTB tank [13] Diameter, D 3.05m
Height, H 3.05m
Elliptical dome head ratio 2:1
Large spherical Dewar [14] Diameter, D 7.35m
Elliptical K-site tank [15] Major diameter, Diajor 2.2m
Major-to-minor axis ratio 1.2
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Schematic sketches of multi-configuration LH, tanks: (a) MHTB tank [13]; (b) Large spherical Dewar [14]; and (c) K-site tank [15].
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Table 2
Proposed empirical correlation variables and their operating ranges.

Variable Range

Initial operating pressure (P;) [MPa] 0.103 - 0.130244503

Tank volume (V) [m?] 4.89 - 208
Heat flux (q) [W/m?] 0.35-3.5
Initial liquid filling ratio (¢) [—] 0.25-0.9

0 - 38.02569458
0.103 - 0.26900383

Non-venting hold time (¢) [hr]
Final vapor pressure (Py) [MPa]

Table 3
Comparison among different parametric fitting methods under the same number
of empirical coefficients.

Parameter fitting Average training (or fitting) Average testing error

method error [%] [%]

Trust-region 1.5 1.2

Multiple linear 7.3 6.6
regression

Levenberg-Marquardt 5.2 4.5

Nelder-Mead 13 12.4

class of effective numerical optimization techniques closely related to
function approximation [7]. The TRR algorithm provides accurate es-
timates for the unknown coefficients in the proposed empirical corre-
lation for self-pressurization in LH; tanks.

2.2.2. Objective function for the empirical correlation coefficient
determination

Accurately fitting the pressure-time (P-t) characteristic curves for the
considered LH; tanks is essential for estimating the empirical correlation
coefficients. The unknown coefficients were optimized to minimize the
deviation between the computed and experimental pressure-time curves
using the TRR algorithm. To achieve this, the objective function must
first be defined. The root mean square error (RMSE) and the sum of
squared residuals (SSR) are commonly used metrics [8,11] to quantify
the overall deviation between the computed final pressures and their
corresponding experimental values at specific times. While the RMSE
and SSR are comparable, with the RMSE directly calculated from the SSR
[8], the SSR was chosen here due to its interpretability in measuring
total error in the model’s predictions. Specifically, the SSR quantifies
how much the observed values deviate from the fitted model, providing
a balanced measure of bias (systematic error) and variance (random
error). The RMSE, on the other hand, accounts for both variance and
bias, reflecting not only the magnitude of errors but also their consis-
tency across different predictions. The expressions for SSR and RMSE are
given in Egs. (1) and (2), respectively [8,11].

F(X) =SSR(X) = if(Pi,ti,X)z, o)
RMSE(X) = \/F(X)/N, )

where P' denotes the observed final pressure at a given time t'. N rep-
resents the number of measured P-t data points, and X represents a
parameter vector with five dimensions: initial operating pressure, heat
flux, initial liquid filling ratio, tank volume, and hold time, which
include the unknown empirical coefficients. The fitted model parameter
vector X is constrained within lower and upper bounds (LB and UB). The
objective of this study is to determine the optimal parameter vector X,
and hence the optimal empirical coefficients, by minimizing either the
RMSE or SSR.

2.2.3. Trust-region reflective algorithm
The trust-region reflective (TRR) algorithm is an effective method for
solving bound-constrained nonlinear minimization problems, such as
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nonlinear least squares data-fitting problems [16,17], as expressed in
Eq. (3) [11]. This approach aligns perfectly with the objective functions
given in Egs. (1) and (2).

3

FO= min [i(X)° +£X)+ - - - +fu(X)’]

Xe(LB,UB]

The TRR method approximates F(X) with a quadratic function q(s)
within a small neighborhood N around the current point X, known as the
trust-region [11]. By minimizing the trust-region subproblem: min[q(s),
s€ N, a trial step (s) is obtained, indicating the direction for reducing
F(X). If FX + s) < F(X), the current point X is updated to X+ s;
otherwise, X remains unchanged, and the trust-region radius (A) is
shrunk for the next iteration [11]. The core of the TRR algorithm is
solving the trust-region quadratic subproblem to guide the search for
optimal coefficients within the defined trust-region [9]. The TRR algo-
rithm was implemented on the MATLAB platform, based on the subspace
trust-region method and the interior reflective Newton algorithm pro-
posed by Coleman et al. [16,17] and Branch et al. [18]. The key steps of
the TRR methodology are provided in Section S.3 in the Supplementary
Materials.

In the TRR optimization algorithm, an approximate function (i.e., the
proposed exponential function for empirically correlating pressurization
in LH; tanks) is developed by setting its empirical coefficients to proper
initial guesses to ensure fast convergence at each iteration [9]. These
initial guesses typically require multiple trials while monitoring the
corresponding sum of squared residuals (SSR) or root mean square error
(RMSE). The approximate function is then iteratively updated and
refined within a specific trust region. Specifically, in the first iteration,
the trust region is defined, within which the approximate function is
solved to determine the empirical coefficients. Subsequently, the trial
step within the trust region (i.e., the initial solution) is used to update
the trust region. Additionally, factorization is applied to the subproblem
algorithm to enhance both numerical stability and computational effi-
ciency [18,19]. In this study, Cholesky factorization was employed as a
commonly used method with the TRR algorithm [9,11].

2.2.4. Correlation performance sensitivity to empirical coefficient number

A sensitivity analysis was conducted in the present work to evaluate
the predictive performance of the proposed correlations with varying
numbers of empirical coefficients. This analysis relied on applying the
hold-out technique (also known as the validation set approach) [20],
where 85 % of the whole dataset was used for training (i.e., fitting the
correlation and estimating the empirical coefficients), while the
remaining 15 % was used for testing (i.e., assessing the prediction ac-
curacy on unseen data). In addition, a K-fold cross-validation technique
[21] was employed to further assess the robustness of the proposed
correlation against over-fitting, examining their stability, consistency of
error across folds, and insensitivity to data partitioning [22]. Further
details regarding the selection process for the number of coefficients and
the compromise between fitting accuracy and number of coefficients
with avoiding the risk of overfitting, are provided in Sections (S.4-S.10)
in the Supplementary Materials.

3. Results and discussions

An empirical correlation for the K-site LHy tank was developed using
the TRR optimization algorithm. This correlation provides an analytical
formula that relates the final vapor pressure (P, in MPa) to five oper-
ating variables; namely initial operating pressure (P;, in MPa), heat flux
(g, in W/mz), initial liquid filling ratio (¢), tank volum (V, in m3), and
hold time (t, in hr), as shown in Eq. (4). The correlation includes 30
unknown coefficients, which were accurately determined using the TRR
algorithm. The values of coefficients C; to Csq are provided in Section
S.11 in the Supplementary Materials.
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with various initial guesses for the 30 unknown coefficients, ranging
from 0.0001 to 0.1, as shown in Fig. 2(a). The least RMSE was achieved
with an initial guess of 0.01. Fig. 2(b) illustrates the predictions of final
vapor pressure at different initial guesses, demonstrating the significant
impact of appropriate initial values on prediction accuracy. It was
confirmed that the TRR algorithm yields highly accurate results when
proper initial guesses were selected for the coefficients. With an initial
guess of 0.01 for all coefficients, the predicted final vapor pressure
closely matched experimental data under various operating conditions,

as shown in Fig. 3(a).

Furthermore, Fig. 3(b) displays the over- and under-predictions of
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the final vapor pressure, with an acceptable error margin of + 4% and
an average prediction error of 1.3 %, demonstrating the reliability of the
proposed empirical correlation. Meanwhile, Fig. 3(c) shows the fit re-
siduals where fluctuations in the residuals are expected in empirical
modeling. Such fluctuations arise from natural variability in the pre-
dicted data, which includes minor prediction uncertainties. From Fig. 3
(c), it can be noticed that these fluctuations are almost distributed
symmetrically around zero residual line, validating the reliability of the
K-site empirical correlation with unbiased scatter. On the other hand,
Fig. 3(d) presents the uncertainty percentages, indicating low uncer-
tainty and highlighting the accuracy of the predictions with minimal
deviation from the true values. Also, statistical confidence assessment
was further conducted to estimate the confidence intervals around the
predicted values, revealing that the estimated coefficients are likely to
fall within a 99 % confidence interval, as shown in Fig. 3(e). This
demonstrates the high accuracy of the proposed empirical correlation

127

from a practical perspective. Also, Fig. 3(f) and (g) illustrate the trust
region for a sample of empirical coefficients where the Sum of Squared
Residuals (SSR) is minimized.

After confirming the effectiveness of the TRR approach in developing
an accurate empirical correlation for self-pressurization in the K-site LHy
tank, it is applied to derive an extended empirical correlation for the
three considered LHj tanks, including the MHTB [13], the large spher-
ical Dewar [14], and the K-site tank [15]. This correlation is extensively
developed by combining experimental data from these three LH; tanks,
under the same design parameters. Building on the analytical formula
for the K-site LH; tank presented in Eq. (4), this formula was extended by
adding additional coefficients and incorporating polynomial effects,
including variable interactions within the exponential function. Given
the relationship between final vapor pressure and hold time [2], an
exponential function with 64 empirical coefficients is proposed, as
shown in Eq. (5), to develop the extended empirical correlation. The
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values of coefficients C; to Cg4 are provided in Section S.12 in the
Supplementary Materials.
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On the other hand, the prediction performance of the proposed
extended empirical correlation is illustrated in Fig. 4. In more detail, for
the sake of general assessment and comparison, and verifying the
attractiveness of using the Trust-Region Reflective (TRR) algorithm in
the present study, other linear/nonlinear parameter fitting approaches,
including Multiple Linear Regression (MLR) [23], Levenberg-Marquardt
(LM) [24], and Nelder-Mead (NM) [25] methods, were applied to the
investigated problem. The prediction performances of the considered
four algorithms are illustrated in Fig. 4(a—d). From such a figure, it can
be noticed that the TRR algorithm outperformed the other investigated
parameter fitting methods, enhancing the strength and practical rele-
vance of this study. Further details on the MLR, LM, and NM methods are
provided in Sections S.13 and S.14 in the Supplementary Materials.
Table 3 illustrates the prediction error percentages during training and
testing phases for evaluating the robustness of the extended developed
empirical correlation under different parameter fitting methods. From
such a table, it can be noticed the superiority of the TRR algorithm over
its counterparts with the least average prediction errors during training
and testing phases (i.e., highest predictive capability).

As shown in Fig. 4(a), the predicted results closely align with the
experimental data, indicating a high degree of agreement. Meanwhile,
error analysis in Fig. 4(e) reveals that most of the predictions fall within
an acceptable error margin of + 10%, with an average prediction error
of 1.49 %, emphasizing the robustness of the proposed extended
empirical correlation. To further validate the applicability of the pro-
posed extended correlation, a comparative analysis was conducted
against Blatt’s empirical correlation [6], as shown in Fig. 4(f). The re-
sults indicate that the proposed correlation aligns closely with experi-
mental data, while Blatt’s correlation [6] exhibits significant
discrepancies. These discrepancies are attributed to several factors: (i)
the assumption of a linear relationship between final vapor pressure and
hold time; (ii) the insufficiency of experimental LH, data used to develop
Blatt’s correlation; (iii) the limitations in geometrical and operational
ranges, leading to inaccuracies outside the specified range; and (iv) the
inability to capture interactions between variables affecting pressure
evolution due to the limited number of LHy experimental data. These
limitations undermine the reliability of Blatt’s empirical correlation. In
contrast, the proposed extended correlation accounts for these factors,
yielding more accurate predictions, as demonstrated in Fig. 4(f).

To further validate its predictability, the proposed extended 64-coef-
ficient correlation has been tested on the K-site LH5 data to demonstrate
whether it improves the prediction accuracy of the 30-coefficient cor-
relation or not. It was found that the proposed 64-coefficient correlation
has achieved the same prediction accuracy (i.e., average prediction
error) attained by the 30-coefficient correlation. Specifically, the
extended 64-coefficient correlation yielded an average error of 1.3 %,
which is the same as that achieved by the 30-coefficient correlation
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under the same dataset. This indicates that while the extended corre-
lation generalizes well across different LHy tank configurations, it re-
tains the same level of accuracy for the K-site tank. Therefore, the 64-

+ C3o 5

coefficient extended correlation offers broader applicability without
compromising prediction accuracy for individual configurations like the
K-site LH; tank. A complete comparison between both correlations with
calculations, has been provided in Section S.15 in the Supplementary
Materials. These findings underscore the strong predictive capability of
the proposed extended empirical correlation for self-pressurization
under various design conditions.

4. Conclusions

A developed empirical correlation for self-pressurization in multi-
configuration LH, tanks has been presented using the trust-region
reflective (TRR) optimization algorithm. This correlation predicts final
vapor pressure as a response to five key design parameters, namely
initial operating pressure, heat flux, initial liquid filling ratio, tank
volume, and hold time. It demonstrates strong applicability across
various LH» tank sizes, shapes and operational ranges. Specifically, the
initial operating pressure ranges from 0.1 to 0.13 MPa, heat flux from
0.35 to 3.5 W/m?, the initial liquid filling ratio from 25 % to 90 %, and
tank volume from 4.89 to 208 m®. Compared to experimental results, the
correlation’s predictions fall within an acceptable error margin of
+ 10%, with an average error of 1.49 %. This underscores the robustness
and superior accuracy of the proposed empirical correlation over
existing correlations. Furthermore, the predicted results closely align
with the experimental data, capturing both the trend and behavior.

The TRR algorithm has proven to be a robust optimization method
for nonlinear parametric fitting. Future research will focus on inte-
grating the developed empirical correlation with relevant theoretical
models to create a more comprehensive predictive framework. More-
over, combining the developed correlation with dynamic control sys-
tems will be explored to control pressure buildup and mitigate venting
risks. Other design optimization techniques, such as swarm meta-
heuristic algorithms, will also be considered in future work. This work
provides valuable insights and practical guidance for the design of multi-
scale LH, tanks and paves the way for further application of nonlinear
parametric fitting approaches in the LH, research field.
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